Maximum genus and connectivity  by Chen, Jianer et al.
~:~ DISCRETE MATHEMATICS 
ELSEVIER Discrete Mathematics 149 (1996) 19-29 
Maximum genus and connectivity 
Jianer Chen a,1 Dan Archdeacon b Jonathan L. Gross c,,,2 
9 
a Department of Computer Science, Texas A&M University, College Station, TX 77843-3112, USA 
b Department of Mathematics and Statistics, University of Vermont, Burlington, VT 05405, USA 
c Department of Computer Science, Columbia University, New York, NY 10027, USA 
Received 11 October 1993; revised 20 September 1994 
Abstract 
It is shown that [/J(G)/3] is the tight lower bound on the maximum genus yM(G) of 2-edge- 
connected simplicial graphs, where /~(G) is the cycle rank of the graph G. Also, a systematic 
method is developed to construct 3-vertex-connected simplicial graphs G satisfying the equality 
yM(G) = [/~(G)/3]. These two results combine with previously known results to yield a complete 
picture of the tight lower bounds on the maximum genus of simplicial graphs. 
1. Introduction 
The maximum genus yM(G) of a connected graph G is defined to be the maximum 
integer k such that there exists a cellular imbedding of G into the orientable surface 
of genus k. By the Euler polyhedral equation, the maximum genus of a graph has the 
obvious upper bound 
~M(c) ~< I_/?(G)/2], 
where ]~(G) denotes the cycle rank. 
A graph G is said to be upper imbeddable if 7M(G) = Lfl(G)/2J exactly. The 
upper-imbeddability of graphs has been studied extensively. In particular, Xuong [15] 
has shown that a graph G is upper imbeddable if and only if there is a spanning tree 
T of G such that at most one of the connected components of G - T consists of 
an odd number of edges. Moreover, Kundu [10] proved that every 4-edge-connected 
graph contains two edge-disjoint spanning trees. Combining these two results shows 
that every 4-edge-connected graph is upper imbeddable. Since 4-vertex-connectivity 
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implies 4-edge-connectivity,  follows that every 4-vertex-connected graph is also upper 
imbeddable. However, there are examples of 3-vertex-connected graphs that are not 
upper imbeddable [8]. 
Recent investigations have focused on deriving tight lower bounds on the maximum 
genus of graphs that are not upper imbeddable. Chen et al, [4] have shown that the 
maximum genus of a simplicial graph is at least one-quarter of its cycle rank, and they 
have constructed an infinite class of simplicial graphs satisfying the equality 7M(G)  ----- 
[fl(G)/4]. Kanchi and Chen [9] subsequently proved that the maximum genus of a 
2-vertex-connected simplicial graph is at least one-third of its cycle rank and gave an 
infinite class of 2-vertex-connected simplicial graphs satisfying the equality 7M(G) = 
r•(o)/31 
Therefore, for the class of k-vertex-connected simplicial graphs, where k = 1,2, or 
k >~4, the tight lower bound on the maximum genus is known. The remaining question 
is the tight lower bound on the maximum genus of 3-vertex-connected simplicial graphs. 
Since every 3-vertex-connected graph is also 2-vertex-connected, we know by Kanchi 
and Chen's result [9] that the maximum genus of a 3-vertex-connected simplicial graph 
is at least one-third of its cycle rank. Unfortunately, the graphs constructed by Kanchi 
and Chen to show that [/~(G)/3] is the tight lower bound for the maximum genus of 
2-vertex-connected simplicial graphs are not 3-vertex-connected. Therefore, a natural 
question is whether a better lower bound can be derived for the maximum genus of 
3-vertex-connected simplicial graphs. 
We point out that the complete graph K4 is a 3-vertex-connected simplicial graph that 
satisfies the equality 7~(K4)= [/~(K4)/31. However, here we are more interested in an 
"infinitely tight lower bound" on the maximum genus of 3-vertex-connected simplicial 
graphs, i.e. a lower bound that can be achieved by infinitely many 3-vertex-connected 
simplicial graphs. 
In case of edge-connected graphs, since graph k-edge-connectivity does not 
necessarily guarantee graph k-vertex-connectivity, we are interested in whether the 
above results on the class of k-vertex-connected simplicial graphs can be extended to 
the class of k-edge-connected simplicial graphs. As we mentioned above, the results of 
Kundu [10] and Xuong [15] do imply that LP(C)/2J is the tight lower on the maximum 
genus of 4-edge-connected graphs. Moreover, since a graph is 1-vertex-connected if and 
only if it is 1-edge-connected, theresult of Chen et al. [4] gives the tight lower bound 
[/~(G)/4] on the maximum genus of 1-edge-connected graphs. However, it seems not 
straightforward to extend the results for k-vertex-connected graphs, for k = 2, 3, to the 
class of k-edge-connected graphs. 
In the present paper, we first extend Kanchi and Chen's result on 2-vertex-connected 
simplicial graphs to the class of 2-edge-connected simplicial graphs, i.e. we show 
that the maximum genus 7M(G) of a 2-edge-connected simplicial graph (7 is at least 
r/~(G)/3]. We then develop a very general method to construct 3-vertex-connected 
simplicial graphs that satisfy the equality 7M(G) = [/~(G)/3]. These results, together 
with the results by Chen et al. [4] and by Kanchi and Chen [9], give a complete picture 
on the tight lower bounds on the maximum genus of k-vertex-connected simplicial 
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graphs as well as of k-edge-connected simplicial graphs, for all k >~ 1. These results 
are summarized in Tables 1 and 2 in Section 4. 
It is assumed that the reader is somewhat familiar with topological graph theory. 
For general background, see Gross and Tucker [7] or White [14]. 
A graph may have multiple adjacencies or self-loops. It is said to be simplicial 
if it contains neither multiple adjacencies nor self-loops. It is always assumed to be 
connected unless the context requires otherwise. The cycle rank fl(G) of a graph 
G(V,E)  is defined to be IEI- IVI + 1. 
An imbedding of a graph on a surface must have the "cellularity property" that 
the interior of every region is simply connected. A rotation at a vertex v is a cyclic 
permutation of the edge-ends incident on v. A list of rotations, one for each vertex of 
the graph, is called a rotation system. 
An imbedding of a graph G in an orientable surface induces a rotation system, 
as follows: the rotation at vertex v is the cyclic permutation corresponding to the 
order in which the edge-ends are traversed in an orientation-preserving tour around v. 
Conversely, by the Heffter-Edmonds principle, every rotation system induces a unique 
imbedding of G into an orientable surface. 
A vertex v is a cutpoint in the graph G if removal of v disconnects the graph G. 
An edge e is a cutedge in the graph G if removal of e disconnects the graph G. A 
graph G is k-vertex-connected (resp. k-edge-connected) if for any h < k, removal of 
any h vertices (resp. any h edges) in the graph G does not disconnect the graph. By 
Whitney's variation of Menger's theorem, a graph is k-vertex-connected (resp. k-edge- 
connected) if and only if given any two vertices u and v in the graph, there are k 
internally vertex-disjoint paths (resp. k edge-disjoint paths) connecting u and v. 
2. On 2-edge-connected simplicial graphs 
Recently, Kanchi and Chen [9] have shown that the maximum genus of a 2-vertex- 
connected simplicial graph is at least one-third of its cycle rank. In this section, we 
will extend Kanchi-Chen's result to the class of 2-edge-connected simplicial graphs. 
Let G be a simplicial graph, let v be a vertex of valence d>~4, and let ul . . . . .  Ud be 
the d distinct neighbors of v in G. We say that a graph G ~ is obtained from G by a 
([ul . . . . .  Uh]; [Uh+l . . . . .  Ud])-splittin9 o f  the vertex v into x and y, where 2 ~< h ~<d- 2 
(or simply, a vertex-splitting o f  v into x and y, when there is no need to specify the 
neighbors of v), if the graph G' is the supergraph obtained from G - v by adjoining 
ul . . . . .  uh to a new vertex x, adjoining Uh+l . . . . .  Ud to a new vertex y, and adjoining 
x and y. Thus, the new vertex x is (h + 1 )-valent and the new vertex y is (d - h + 1 )- 
valent. 
The vertex-splitting operation has been successfully used in the study of graph 
connectivity [13] and of average genus and maximum genus of graphs [2,4,9]. It 
is well-known that the vertex-splitting operation preserves 2-vertex-connectivity, 3- 
vertex-connectivity, and simplicialness [13]. However, the 2-edge-connectedness of the 
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result of  splitting a cutpoint of  a 2-edge-connected graph depends on the choice of  the 
split. 
Remark 2.1. Let G be a 2-edge-connected simplicial graph, and let H be a graph 
obtained from G by splitting a vertex v of  G into x and y. Then no edge except the 
new edge [x, y] in H can be a cutedge. Moreover, if Ix, y] is a cutedge in H then the 
vertex v is a cutpoint in G. 
Remark 2.2. Let G be a 2-edge-connected simplicial graph. Let H be obtained from 
G by a ([ul . . . .  , Uh], [uh+l . . . . .  Ud])-splitting of  a vertex v into x and y such that two 
of the neighbors of  v, ui and u j, are in the same connected component of G - v, with 
1 <~i<~h and h + 1 <~j<<.d. Then the graph H is 2-edge-connected and simplicial. 
Remark 2.3. Let G be a 2-edge-connected simplicial graph and let v be a cutpoint in 
G. Let Sv be the set of  vertices that are the neighbors of  v in G. Then each connected 
component of  G - v contains at least two vertices in the set Sv. 
Now we are ready for our main result in this section. 
Theorem 2.4. Let G be a 2-edge-connected simplicial graph with minimum valence 
at least 3. Then there exists a 2-vertex-connected simplicial graph H with the same 
cycle rank and maximum genus as G. 
Proof. If the graph G is cubic, then take H = G, because every 2-edge-connected 
cubic graph is also 2-vertex-connected. Accordingly, we now suppose that there is a 
vertex v of valence d > 3, and we fix a maximum genus imbedding I (G) of the graph 
G, in which we suppose that the rotation at v is (Ul, u2 . . . . .  Ud). 
If  v is a cutpoint, then we may assume that the vertices ul and u2 belong to different 
connected components in G - v (otherwise, we simply perform a cyclical rotation on 
the cyclic permutation (ul, u2 . . . . .  ud) and re-index the vertices). By Remark 2.3, each 
connected component of  G - v contains at least two neighbors of v in G. Thus, there 
must be an index i>~3 such that the vertices Ul and ui are in the same connected 
component of  G - v. If v is not a cutpoint, then of course Ul and ui are in the same 
connected component of G - v because G - v is connected. Therefore, in any case, we 
can assume that there is an index i ~> 3 such that the vertices ul and ui are in the same 
connected component of G - v. 
We now perform the vertex-splitting operation on the graph G based on the 
imbedding I(G) to obtain a new graph G' and an imbedding I(G') of  G / as fol- 
lows: perform a ([ul, u2]; [u3 . . . . .  Ud])-splitting of the vertex v into x and y on the 
imbedding I (G) such that the rotations at the vertices x and y in the new graph G' 
are 
X: Ul,U2, y and y :  X, U3, . . . ,  U d 
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Fig. 1. Splitting vertex v in the imbedding I(G) into x and y 
as illustrated in Fig. 1, and the rotations elsewhere in I(G I) identical to those of the 
imbedding I(G). 
We now observe the following properties of G' and I(G~): 
1. fl(G) = fl(G'); 
2. G' is simplicial and 2-edge-connected, according to Remark 2.2; 
3. ?M(G) = 7M(G~). To see this, first note that I(G) is a maximum genus imbedding 
of the graph G and the imbedding I(G ~) has the same genus as the imbedding I(G). 
Thus, 7M(G)~<?M(G~). On the other hand, since any imbedding of G / can always be 
contracted to an imbedding of G (by contracting the edge [x, y]) without changing the 
imbedding enus, we also have ~M (G) >~ 7M (G r)- 
To obtain the graph H specified in the conclusion of the theorem, we simply reiterate 
this vertex-splitting operation until every vertex has valence 3. The final resulting raph 
H then will be a 2-edge-connected simplicial cubic graph that has the same cycle rank 
and same maximum genus as G. Moreover, the graph H is also 2-vertex-connected 
since every 2-edge-connected cubic graph is 2-vertex-connected. [] 
Corollary 2.5, Let G be any 2-edge-connected simplicial graph of minimum valence 
at least 3. Then 
7M(G) >/[~(6)/31. 
Proof. By Theorem 2.4, there is a 2-vertex-connected simplicial graph H such that 
7M(G) = yM(H) and fl(G) = fl(H). By Kanchi-Chen's result [9], 
?M(H) >t [[J(H)/31. 
The corollary follows. [] 
3. On 3-vertex-connected simplicial graphs 
In this section, we develop a systematic method to construct 3-vertex-connected 
graphs that satisfy the equality 7M(G)= [fl(G)/3~. 
Let d>~2 be an integer. The necklace ?Ca of d ears is obtained from a (2d)-cycle 
C2d = {Vl, VZ . . . . .  V2d} by doubling the edges [v2i-l, v2i], for i = 1 . . . .  , d. Fig. 2 
illustrates the necklace N3 of 3 ears. It is easy to see that the cycle rank of Nd is 
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o3 
Fig. 2. The necklace N3 of 3 ears 
u2 
Fig. 3. Replacing the vertex v by a necklace 
d + 1. Moreover, it is easily shown [3,6] using Xuong's characterization [15] that the 
maximum genus of  the necklace Nd is 1 for all d t> 1. To simplify our discussion, we 
always fix a Hamiltonian cycle in Nd and call the other multiple edges not in the cycle 
ears of Nd. 1 
Let G be a simplicial graph, let v be a vertex of  valence d~>2 in G, and let Ul . . . . .  Ud 
be the d distinct neighbors of v in G. We say that a graph G r is obtained from G by 
replacing the vertex v by a necklace i f  G ~ is constructed as follows: (1) introduce a 
new necklace Nh of h ears, where h>>,d, and fix d distinct ears el . . . . .  ed in Nh; (2) 
in the graph (G-  v)UNh, join by a new edge the vertex ui to an interior point of the 
ear el, for i = 1 . . . . .  d. This operation is illustrated in Fig. 3. 
By a point in a graph, we mean either a vertex or an interior point of an edge of  
the graph. We recall that a graph obtained from two graphs G1 and G2 by running a 
new edge from a point in one to a point in the other is called a bar-amalgamation 
of G1 and G2. A bar-amalgamation of s graphs G1 . . . . .  Gs is recursively defined as 
follows. 
1. If  s = 1, the bar-amalgamation f  the graph Gl is itself; 
2. If  s > 1, a bar-amalgamation f  the graphs G1 . . . . .  Gs is the bar-amalgamation 
of G r and Gs, where G ~ is a bar-amalgamation f  the s - 1 graphs G1 . . . . .  Gs-I .  
Lemma 3.1. Let G be a bar-amalgamation of s graphs G1 . . . . .  G~. Then 
~M(G) = 7M(G1 ) -4- "IM(G2) q - " "  4- ?M(Gs) 
I For a technical reason, we always assume that a necklace has at least wo ears. 
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Proof. For s = 2, the conclusion is a direct consequence of Xuong's characterization 
[15] or Theorem 5 in [5]. For general s > 2, the conclusion can be proved by a simple 
induction. [] 
Corollary 3.2. Let T be a tree of n vertices. Let H be a graph obtained by replacing 
each vertex of T by a necklace. Then the maximum genus of H is equal to n. 
Proof. The graph H is a bar-amalgamation f n necklaces. Since the maximum genus 
of a necklace is 1, the corollary follows directly from Lemma 3.1. [] 
Lemma 3.3. Let G = (V,E) be a graph and let H = (V,E') be a spanning subgraph 
of G; then 
~'M(G)<yM(H) A- ( IEI - IE '[) .  
Proof. We only need to prove that if E = E' + e and if e is not a cutedge of G, then 
7M(G) ~ 7M(H)+ 1. The general case follows from a simple induction. 
Let I (G) be a maximum-genus imbedding of G. Deletion surgery at edge e reduces 
the genus of the imbedding surface by at most 1. Thus, the maximum genus o f /4  is 
at least ) 'M(G)-  1. [] 
Now we are ready for the following theorem. 
Theorem 3.4. Let G be a graph of minimum valence at least 2. Let H be a graph 
obtained from G by replacing every vertex by a necklace such that a vertex of valence 
d in G is replaced by the necklace Nd o fd  ears. Then 7M(H)~< Ffl(H)/31. 
Proof. Let T be an arbitrary spanning tree of G. The graph H can be constructed in 
the following way: first replace each vertex v in T by the necklace Nd, where d is the 
valence of v in the graph G, resulting in a graph H' ,  then add the edges in G - T to 
the graph H '  to properly join the ears of these necklaces. 
By Corollary 3.2, the maximum genus 3'M(H') of the graph H' is IV(G)[. By 
Lemma 3.3, 
~M(H) ~< )'M(H')--I-(IE(H)I- IE(H')I) 
= ?M(H') --4-- (IE(G)I - IE(T)I) 
= [V(O)l +/~(O)  
= IE(G)I + 1. (1) 
To calculate the cycle rank of the graph H, first note that the cycle rank of the 
necklace Nd of d ears is d + 1. Secondly, a vertex v in T is replaced by the necklace 
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u~ u 4 u1 ~ N ~  u 4 
Fig. 4. Expanding the vertex v into a cycle 
Ndeg6(v ) in H', where deg6(v ) is the valence of the vertex v in the graph G. Thirdly, 
since 
Z dega(v) = 2[E(G)]" 
vE V(G) 
We have 
fl(H') -- Z (degG(v) + 1) -- 2[E(G)[ + IV(G)[. 
vE V(G) 
Finally, since the graph H is obtained from the graph H ~ by adding fl(G) edges 
that have both endpoints in Hi, we conclude that the cycle rank fl(H) of the graph 
H is fl(H') + fl(G), which is 3[E(G)[ + 1. Combining this with Eq. (1), we obtain 
7M(H)~< [fl(H)/3]. [] 
Now we show that the operation of replacing a vertex of valence d by the necklace 
?Ca of d ears preserves 3-vertex-connectivity. For this, we need to introduce another 
operation on graphs, which was first studied by Tutte [13]. Let G be a simplicial graph, 
let v be a vertex of valence d~>2 in G, and let ul . . . . .  Ud be the d distinct neighbors of 
v in G. We say that a graph G" is obtained from G by expanding the vertex v into a 
cycle if G" is constructed as follows: (1) introduce a new d-cycle Ca = {w~ . . . . .  Wd}; 
(2) in the graph (G - v) + Ca, join by a new edge the vertex ui of the graph G - v to 
the vertex wi in the cycle Ca, for i = 1 . . . . .  d. This operation is illustrated in Fig. 4. 
The proof of the following lemma can be found in [13] (Theorem IV.19, p. 80). 
Lemma 3.5. Let G be a 3-vertex-connected simplicial graph and let v be a vertex of 
G. Let H be a graph obtained from G by expanding the vertex v into a cycle. Then 
the graph H is 3-vertex-connected and simplicial. 
Corollary 3.6. Let G be a 3-vertex-connected simplicial graph. Let H be a graph 
obtained from G by replacing every vertex by a necklace such that a vertex of 
valence d in G is replaced by the necklace Na of d ears. Then the graph H is 
3-vertex-connected and simplicial. 
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Proof. Let H' be a graph obtained from G by replacing a vertex v of valence d by 
the necklace Nd of d ears. It suffices to prove that the graph H ~ is 3-vertex-connected 
and simplicial. The corollary follows by a simple induction. 
The graph H ~ can be constructed in two stages: in the first stage, we expand the 
vertex v into a d-cycle Cd = {wl . . . . .  Wd}, resulting in a graph H0, then in the sec- 
ond stage, we expand in the graph H0 each vertex wi into a 3-cycle (note that the 
vertex wi has valence 3 in the graph H0). Since expanding a vertex into a cycle pre- 
serves 3-vertex-connectivity and simplicialness, according to Lemma 3.5, the corollary 
follows. [] 
These discussions lead to the following theorem. 
Theorem 3.7. There are infinitely many 3-vertex-connected simplicial graphs G that 
satisfy the equality 7M(G)~< [fl(G)/3~. 
Proof. Let G be an arbitrary 3-vertex-connected simplicial graph. Let H be a graph 
obtained from G by replacing every vertex by a necklace such that a vertex of valence 
d in G is replaced by the necklace Nd of d ears. By Corollary 3.6, the graph H is 
3-vertex-connected an  simplicial. By Theorem 3.4, the graph H satisfies the inequality 
7M(G)  [] 
Corollary 3.8. rfl( G)/3~ is the tight lower bound on the maximum genus of 3-vertex- 
connected simplicial graphs. 
Proof. This follows directly from Theorem 3.7 and the result of Kanchi and 
Chen [9] that the maximum genus of a 2-vertex-connected simplicial graph is at 
least [fl(G)/3]. [] 
One referee has sketched an alternative derivation of Corollary 3.8 for the special 
case of cubic graphs from [1, 11] (see also [12]). 
4. Conclusions 
The present paper, together with the results by Kundu [10], by Xuong [15], by Chen, 
Kanchi, and Gross [4], and by Kanchi and Chen [9], gives a complete picture of the 
tight lower bounds on the maximum genus of k-vertex-connected simplicial graphs, as 
well as of k-edge-connected simplicial graphs, for all k/> 1. We first summarize the 
results for k-vertex-connected simplicial graphs in Table 1. 
We point out that the simplicialness of a graph is crucial in our discussion. There are 
2-vertex-connected non-simplicial graphs, for example the necklaces, which can have 
arbitrarily large cycle rank while keeping their maximum genus bounded by a constant. 
On the other hand, Chen and Gross [2] have shown that for a 3-vertex-connected graph 
G of n vertices, simplicial or non-simplicial, the maximum genus of G is at least the 
order of logarithm of n. It would be interesting to derive the tight lower bound on the 
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Table 1 
Lower bound on k-vertex-connected simplicial graphs with minimum valence at least 3 
k 7M(G) Infinitely tight? Reference 
1 >1 [fl(G)/4] Yes Chen et al. [4] 
2 >1 [fl(G)/3] Yes Kanchi-Chen [9] 
3 >~ [fl(G)/3] Yes Kanchi~Chen [9] and 
Chen et al. 
>14 - [fl(G)/2J Yes Kundu [10] with 
Xuong [15] 
By "infinitely tight", we mean the bound can be achieved by infinitely many graphs in the corresponding 
class. 
Table 2 
Lower bound on k-edge-connected simplicial graphs with minimum valence at least 3 
k 7M(G) Infinitely tight? Reference 
1 >1 [fl(G)/4] Yes Chen et al. [4] 
2 >1 [fl(G)/3] Yes Kanchi-Chen [9] and 
Chen et al. 
3 >~ [fl(G)/3] Yes Chen et al. 
>>-4 = Lfl(G)/2j Yes Kundu [10] with 
Xuong [15] 
By "infinitely tight", we mean the bound can be achieved by infinitely many graphs in the corresponding 
class. 
maximum genus of 3-vertex-connected graphs (as well as 3-edge-connected graphs) 
without he restriction on the simplicialness. 
We have shown that for 2-edge-connected simpliciai graphs, [fl(G)/31 is a lower 
bound on the maximum genus 7M(G). Since 2-vertex-connectivity implies 2-edge- 
connectivity, Kanchi and Chen's result [9] that there are infinitely many 2-vertex- 
connected simplicial graphs satisfying the equality yM(G) = [fl(G)/3] implies that 
the same result is also true for 2-edge-connected simplicial graphs. Similarly, our The- 
orem 3.7 implies that there are infinitely many 3-edge-connected simplicial graphs 
satisfying the equality M(G)= [fl(G)/3]. We summarize these results in Table 2. 
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